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2. Introduction and Preliminary Results 


Let H be the class comprising of all holomorphic functions in the unit disc D: = {ç € C: |c| < 1}. 
Also, let A signify the subclass of H entailing of functions h € A be of the form 


AG) =ç +Y ans", ce, 


n=2 


with the normalization h(0) = h'(0) — 1 = 0. Denote by 6, the subclass of A comprising 
univalent functions. Two conversant subclasses of A are familiarized by Robertson [1], are 
defined with their analytical description as 


CN a [SEO 
sax pne uem)» a cem]. 


ES l ch" (c) 
ea) [ne ncm (a nC) ) >a, cea], 


and are correspondingly known as starlike and convex functions of order a(0 < a < 1). It is well 
known that $*(a) C 6 and C(a) C ô. In interpretation of Alexander's relation, h € C(a) © 
ch'(c) € S*(a) for c € D. For a = 0, the class $* : = $*(0) condenses to the well-known class 
of normalized starlike univalent functions, and C: = C(0) reduces to the normalized convex 
univalent functions. 


A function f € H is subordinate to g € H written as f < g if there exists w € H with w(0) = 0 
and w(D) c D such that f (c) = g(w(¢)) for every ç € D. In precise, if g is univalent, then f < 
g if and only if f (0) = g(0) and f(D) c g(D). 


Let P symbolize the class of functions p € H with the normalization p(0) = 1, i.e., of the form 
ps) =1+ 2. Pns”, çs ED, 
n=1 


and such that Rp(¢) > 0 for ç E D. Functions in P are called familiarly as the Carathéodory 
class of functions. Ma and Minda [2] proposed a appropriate subclass of P denoted by P*(1) 
comprising of all ® that is univalent in D with 


(0) = 1; 6'(0) > 0, 
(D) is symmetric with respect to the real axis 


(2) Starlike with respect to 1 


He also represented the class ® € P*(1) by 


(ç) = 1+), Bas”, B > 0;¢ ED. 


n=1 


The class P*(1) plays a vital part in defining generalized form of holomorphic functions. Ma and 
Minda [2] considered the function ® € P*(1) and defined S*(®) as the class of all h € A such 
that sh'(c)/h(g) < ®(¢) for ç € D. The above functions defined are called as functions of Ma 
and Minda kind. Observe that S*(a@) = S*(®) with ®(¢) = (1 + (1 — 2a)¢)/(1 —¢),¢ E D. 


There are recent articles ([3-6]) where subclasses of A were defined by using subordination 
satisfying the relation ¢h'(¢)/h(¢) < ®(¢) for ç € D (see also [7,8] ). In particular, the 
exponential function ®,(¢) = eS: = exp(¢), an entire function in C has positive real part in 

D, 6,(0) = 1, 6,(0) = 1, and $ (D) = fw € C: |logw| < 1}, is symmetric with respect to the 
real axis and starlike with respect to 1 . Further, ®, € P*(1) and therefore, it is now to make a 
remark that the class 


cf' (c) 
f(s) 


s.= {feu < (9) = 6 ED] 
is well defined. For an attractive study on starlike functions connected with the exponential 
function, an individual can refer to Mendiratta et al. [9,10] (see also the works of [11-13]). 


We recall the class of close-to-convex functions denoted by K introduced and studied by Kaplan 
[14]. A function h € H is called to be close-to-convex if and only if there exist a function iy € C 
and B € (—1/2,17/2) such that 


" (5 h'(s) 


Tae) poser 


Remarking at this time that even though starlikeness of a fixed order has been discussed and well 
thought-out in detail in countless articles in excess of a elongated stage of period, class of 
univalent functions g € H that maps D onto Q, starlike domain with reverence to a boundary 
point is still a conception that is not exclusively explored. Robertson [15] recognized this 
examination and introduced a new subclass 


G= {g € H: R(t? g(g)) >O;SERVoE D}, 
with 
g(0) = 1, g(1):— lim g(r) = 0, 
and maps (univalently) D onto a domain starlike with respect to the origin. Presume in addition 


that the constant function g = 1 € G*, in addition, Robertson through a conjecture that G* 
coincides with the class G of all g € H of the structure 


g()-1* Ons”, ÇED 


n=1 


such that 


2cg' (c) 1+ £) 
+— |>0,cED, 
( g(s) 1-ç g 


proving that G C G*. Definitely, in the same article Robertson shown that if g € G and g £ 1, 
then g € K and so univalent in D. It is importance of citing that (11) was identified by much 
erstwhile by Styer [16]. This surmise of Robertson that G* coincide with the class G was soon 
after proved by Lyzzaik [17], where he established that G* cC G. 


A different analytical categorization of starlike functions with respect to a boundary point was 
proposed by Lecko [18] proving the necessity. The sufficiency part of the categorization was 
afterwards proved by Lecko and Lyzzaik [19] (see [[20], Chapter VII] as well). Encouraged by 
the article of Robertson [15], Aharanov et al. [21] (see also [22]) investigated about the class of 
functions that are sprirallike with respect to a boundary point. Let 


4c 


1 = 1, FED, 
(V — 9? +4¢/M+1-<) 


P(c; M):= 


be the Pick function. By using the Pick function P(c; M), the author in [23] considered another 
closely related class to G, the family G(M), M > 1, comprising of all g € H of the form (10) such 
that 


In [24], Todorov established a structural formula and coefficient estimates by associating G with a 
functional f (ç )/1 — c for ç € D. For g € H in (10), Obradovic and Owa [25] and Silverman and 
Silvia [26] separately introduced the classes 


mM LL OE Lis 
g= (ES ea 9155)» o.«e2] 


where æ € [0,1). The authors in [26] confirmed a remarkable fact that for each a € [0,1), the 
class Gq is a subclass of G*. Clearly, G1,; = G and appealing coefficient inequalities of G were 
established in [27]. 


For g € H assumed as in (10) and —1 < E € 1; CE < F <1, Jakubowski and Włodarczyk [28] 
defined the class G(E, F) as 


580(s)) — 0, c em 
where 


26g (€) | 1+ Ec 
OG) "Ee 


I@= 


By desirable quality of the initiative proposed in [2], Mohd and Darus in [29] presented a new 
class S,(®), where P € P*(1), of all g € H of the form (10) such that 


2¢9'(s) 1+¢ 
quoc ep ED 
GG 1-ç S) € 


An additional appealing class on the above direction was in recent times analyzed by Lecko et al. 
[30]. 


The most important intend of the present article is to illustrate and do a organized inquiry of the 
function class defined as below. 


Definition 1. For g € H and as assumed in (10), we let a new class Sẹ as 


2cg'(g) 14 
Ge oe 39 arte xe, cen} 


g(c) 1 


Remark 2. Note that the condition (18) is well defined, for 


2cg' 1+ 
sI O € cem 
g(s) 1-ç 


p(s): = 


is holomorphic in D. 


Based on the description of the class G, and on the analytical characterization of the class G* of 
starlike functions with respect to a boundary point, we can prepare the next result. 


3. Representation Theorem and Coefficient Results 


Let us start the section with the following representation theorem which in fact offers a handy 
procedure to build functions in our new class Ge. Theorem 3. A function g € Ge if and only if 
there exists p € H such that p < ®, and 


= 
«o = a- sex (5 i — MO tat). cen 


Proof. Let us suppose that g € Ge, then, a function p defined by (19) is holomorphic and satisfies 
D < Pe. Also, (19) can be rewritten in the type 


2q' 2 s)— 1 
AOPE a cem 
gie. de ç 


This upon integration give 


log 


2 = 
(9) -[ lipscsdonnte 


KEDE 


This in essence gives 


$ -1 
(g(s))? = (1 — ç)?exp ( | ie a). CED 
0 


which imply (20). 


Let us presume p < ®,. By defining a function g as in (20), and by observing that p(0) = 1, it is 
noticeable that g is holomorphic in 5 . A working out shows that g satisfies (21); so, (19). Thus, 
g € Ge, which ends the confirmation of the theorem. 


Let Y, be a holomorphic function which is the solution of the differential equation (see also 
[[10], p. 367]) 


cWe (c) 


= eS, ç ED, V,(0) 20, w/(0) 21 
V, (c) e i 


€e6—1 
Wc) = ew (f 5 was 


mu reser, ED 
15 + 36S (6 


Next, we present few examples for the class Ge. 


4. Example 4. 


(1) For a specified A € IR and ç € D, let us name 


Pas): — 1+ Ac 
Aç 
gal): = (1 - Qe (Z). sE D 


Note down that g4 € H with g4 (0) = 1. Observe that 


2çga' (5) 1+ç 
—— +— =p) FED 
gas) 1-ç PAG) 


We finish that g4 € Ge for |A| € 1 — 1/e 
(2) Given —1 « A x 1 and —A « B « 1, define 


1+A¢ 
w = Pap): = 1- Be’ CED 


Then, we identify that p4 5 (D) is an open disk symmetrical with respect to the real axis centered 
at (1 + AB)/(1 — B?) of radius (A + B)/(1 — B?). In particular, for B = A, this disk is given by 


1-42 
1-4? 


2A 


< , 
1— A? 


b 


with diametric end points x,:= (1 — |A])/(1 + |A]) and xg := (1 + |AD/(1 — JAJ). Since x, = 
1/e and xp < e iff |A| < (e —1)/(e + 1), we perceive that then p4 4 < e. As a result, a 
function g € H with g(0) = 1 defined by 


26g/ (c). 1+ç 
+— = paal(S), SED 
J) [sp Pa,a(S) 


i.e., the function 


Sims eee, 
AS Rae aay de 


belongs to the class S, for |A| < (e — 1)/(e + 1). 
Theorem 5. Let 0 < r < 1. If g € Ge, then 
(i) 


=P — V, = 
ee a =r) < |g) S Dat, Isl =r. 


(i) 


FIC 


V 
(1769)? ç 


< zmaxjj-rarg-*, Iso] =r, arg1:= 0. 


larg 
Proof. Let g € Ge. 


(i) Describe the function 


2 
nis). = REST, sep 


Obviously, h is a holomorphic function in D, and an uncomplicated working out yields 


chc) _ 2cg'(G) 1*6 
iO.” sO dex 55^ 


It is straightforward to witness from the above that g € Ge if and only if 


ch'(c) 


———«e*cen 
h(c) 


By the result of Corollary 1' of [2], we obtain 
-Ye (=r) < |h(c)] S Pelr), Isl =r 


i.e., by using (34), 


2 
-¥.(-r) < VEU < Ws Id or 


which gives (32). 


(ii) By (36), a function h defined by (34) belongs to S* (®,). Due to Corollary 3' of [2], the 
inequality 


V 
< mararg e9, Isol =r 


- h(co) 
8 ^ |el-r 


Ço 


is valid. Using now (34) in turn yields (33). O 
Next, we ascertain some coefficient results for the class g € S,. Let B: = {w € H: |w(ç)| < 
1,¢ € D} and By be the subclass of B consisting of functions w such that w(0) = 0. We 
comment at this time that the elements of By are termed as Schwarz functions. 
We will pertain two lemmas below to prove our main results. 
Lemma 6. (see [2]). If p € P is of the form (3), then for u € C, 

Ip? — up?| € 2m (1,124 — 1). 


In particular, if u is a real number, then 


When u < 0 or u > 1, the equality holds true if and only if p(s) = (1 + 5)/(1— ç) =:L£(6),¢ E 
D, or one of its rotations. If 0 < u < 1, then the equality holds true if and only if p(ç = 
L(c?),s € D, or one of its rotations. If u = 0, the equality holds true if and only if 


1 1 
p(s) = ;ü t A)£(c) + ; =AL—G), ED 


where 0 < A < 1, or one of its rotations. If u = 1, then the equality holds true if p is a reciprocal 
of one of the functions such that the equality holds true in the case when u = 0. 


Lemma 7. (see [31]). If p € P is of the form (3) and B(2B —1) € ô < p, then 


|ps — 28pip2  ópi| < 2 


At the moment, we are in a position to state the theorem which give a few better bounds for early 
coefficients and the Fekete-Szegó inequalities for f € Ge. 


Theorem 8. If g € Ge is of the form (10), then 


N| eR 


l9 + 1| < 


3 
v| <> 
IES 


1 
[=a tiS 
DE 
2154 

1 
|393 — 30,0, + 93 + 1| $5 
1 
and for 5 € R, 9, — 69? Is (m (148 — 1 + 2/26 — 1 + 416) 


Inequalities (44), (45), (46), (47), and (48) are sharp. 
Proof. In view of (18), there exists w € B, such that 


20g (c) 1*6 E 
g(s) + dert ®,(w(¢)) = exp(w(s)), c ED 


By an application of (10), one can easily obtain with simple computation that 


2¢9 (c). 1+ç 
+——= +28, + 1)ç + 2(20; — 02 + 1)ç? 
gi) 1-¢ ^ Rr 


+2(303 — 30,0, +93 F1) +--+, çE D 
Define the function p by 


_1ta(s) | 


= ——__ =] 24... CE 
Teu) + pio t+ peg? +, çED 


p(s) 
Clearly, p € P. Moreover, 


— 2 
Oe p)-1 p (2 je 


p(s)+1 2 2 4 
(2-8 Zn pe ED: 
Hence, 
exp(o(g)) = +w(ç)+ GLO M a ieee a a E 
(2- es (B- BRI e. CED. 


Substituting (51) and (54) into (50), by comparing the corresponding coefficients, we obtain 


20, +) = 4, 


2 
P2 D 
2-974+1)=—-—, 
1+1) 225 

3 

P3 PiP2 Pi 

3 — 3 _ £1 

910 75 1 + 73° 


3 
, s pp P3 PiP , Pi 
2(384 — 30,02 + 91 +1) 2 ri + 48 
Since (e.g., ([[32]], Vol. I, p. 80)) 

[Pal € 2, n€N 


From (55), we obtain (44). Rewriting (55) as 94 = p,/4 — 1, (45) easily follows. Further, (56) 
together with (40) yields 


2 
P2 Di 

228, 82 + 1)| =|—-=|<1 

26, - 0 + | = [2-7 
which proves (46). 
Upon applying (55) for 9, in (56), we get 

P2 
49, = 2 = D4- 


Hence, by applying (41), we obtain (47). An application of (43) in (57) gives 


3 
P3 Pup LP 


|693 — 68,8; + 201 + 2| = 2 a uo 


<1 


i.e., the inequality (48). Using (60) and making use of the expression for 94 and in turn by 
applying (41) and (58), we get 


1 ó 
|; — 69? | «s(lr: -3Pi|* 2128 — 1Ipi| +8181), SER 


which leads to the inequality (49). 
Equalities in (44) and (45) hold for the function p = £; in (46) for the function p(s) = £(c?),c € 
D, in (47) for the function p(ç) = £L(—¢), ç € G and in (48) for the function p (ç) = L(¢3),¢ ED 


5. Differential Subordination Results Involving G, 


In this segment, we derive certain differential subordination result concerning the class Sg. 


To demonstrate differential subordination results, we recollect the next lemma (see ([[33]], 
Theorem 8.4 h, p. 132)) 


Q is starlike univalent in D, or 
h is convex univalent in 5 
Lemma 9. Suppose q is univalent in D, 0 and q be holomorphic in a domain D containing q(D) 
with p(w) + 0 when w € q($).LetQ(s):— sq’ (¢)@(q(s)) and h(s):= 0(q(s)) + Q (€) for 
s € D). Suppose that either 
Assume also that 
(i) 
ch'(c) 
Q(s) 


If p E H with p(0) = q(0), p(D) c D, and 


0(pCs)) + sp'(s)p(p(s)) < 0(q(3)) + sq'(s)e(q(s)), ç E DÐ, 


R 


>0,çED 


then p < q and q are the best dominant. 


Theorem 10. Let g E H and g(0) = 1. If g satisfies the subordination condition, 


2cg (c) 1+ç 
T——-«1-66c€D 
By opes 
Then, 
CION 
=Z zes, CED 
p(s) (=e ç 


Proof. Let D: = C \ {0}. Let 80 (w): = 1,w E C and q(w): = 1/ w,w € D. Note that ®,(D) c D 
and @ and @ are holomorphic in D. Thus, 

sels) _ 
Pele) 


Q(c): = ce, (o)e(be(o) = ocenD 


is well defined and holomorphic. Clearly, Q is a univalent starlike function and so for a function 
h(g):2 8(®e(¢)) +Q (ç) = 14+ Q(c), c € D, we achieve 


c (o) D 4:90 
Q(c) RCS) 


Hence, for any function p belonging to H with p(0) = Pe (0) = 1 such that p(D) c D, i.e., for p 
nonvanishing in (D , by applying Lemma 9, we infer that from the subordination 


1 o. 
PAG) EE e' Cc) 


p(s) Peç) 


=1>0,çED 


1+ 


=1+ç,çED 


it follows the subordination p < 9,. 


Next, we at this time take g € H with g(0) = 1 and g(¢) be nonzero for s € D satisfying (65). 
Let a function p be taken as in (66). Then, one can notice that p(0) = $,(0) = 1 ,p(s) + 0, for 
ç E D, and p is holomorphic. Since 


cp'(c) _ 2¢g'(¢) ç 
O ae i-e 


from (69), the conclusion (66) follows, which complete the proof. 


Theorem 11. Let g € H with g(0) = 1. If g satisfies 


2cg (c) 1+¢ 
+— <eS+¢,¢ED 
g(s) 1-ç 


then 


p(s): = (22) ce («y at) Wm 


Proof. Let D: = CX {0}. Let $(w): = w,w € C, and y(w): 2 1 /w,w € D. Note that ®,(D) c 
D and ¢ and w are holomorphic in D. Thus, the function Q defined by (67), i.e., the identity 
function, is univalent starlike. Hence, for a function h(s): = 9(®.(¢)) + Q(c) = ®e(G) + 
Q(c), s € D, we obtain 


ch'(c) _ ee (c) | 9 62'S) 
Q(c) Q(c) Q(c) 
B cQ'(c) 
= 86,(c) +R 0%) >0,¢ED 


Thus, for any function p € H with p(0) = $,(0) = 1 such that p(D) C D, i.e., p(ç) # 0 for ç E 
D, by applying Lemma 9 , we deduce that from the subordination 


sp’ (c) CP (5) _ 
po ~~ 8&9 FB 


it follows the subordination p < ®,. 


p(s) + Ste. CSD 


Let now take g € H with g(0) = 1 and g(¢) + 0 for ç € D satisfying (65). Define a function p 
as in (72). We see that 


x». = time (22) ([' (2) ae) 


= ay»? J (22) at) Cete 


p(s) = Oforc € 2 and p is holomorphic. Since 
2cg' 1+ 
Dd spi(s) Zed | y cé 
po)  gQ = 


from (74), (71) follows which completes the proof. 
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